We give a complete solution of the problem of constructing a scattering potential v(x) that possesses scattering properties of one's choice at an arbitrary prescribed wavenumber. Our solution involves expressing v(x) as the sum of at most six unidirectionally invisible finite-range potentials for which we give explicit formulas. Our results can be employed for designing optical potentials. We discuss its application in modeling threshold lasers, coherent perfect absorbers, and bidirectionally and unidirectionally reflectionless absorbers, amplifiers, and phase shifters.
Complex scattering potentials in one dimension provide a fertile ground for modeling various active optical systems. Among these are systems displaying spectral singularities [1] [2] [3] [4] and unidirectional reflectionlessness and invisibility [5] [6] [7] [8] [9] . Spectral singularities correspond to scattering states that behave exactly like zerowidth resonances [1] . In optics they give rise to lasing at the threshold gain [10] while their time-reversal is responsible for coherent perfect absorption (CPA) or antilasing [11, 12] . Unidirectional reflectionlessness and invisibility are also of great interest, because they offer means of realizing one-way linear optical devices [5, 7] . The task of designing scattering potentials that support such desirable properties is clearly a problem of basic theoretical and practical importance. In this article we give a complete solution for this problem.
Throughout this investigation, we use the transfer matrix of one-dimensional scattering theory [13] as our main tool. For a scattering potential v(x), the general solution of the Schrödiger equation, −ψ ′′ (x)+v(x)ψ(x) = k 2 ψ(x), or the Helmholtz equation, ψ ′′ (x) + n (x) 2 ψ(x) = 0, has the asymptotic form: ψ ± (x) = A ± e ikx + B ± e −ikx for x → ±∞,
where k is the wavenumber, n (x) is a refractive index that we can relate to v(x) via n (x) = 1 − v(x)/k 2 , and A ± and B ± are complex coefficients. The transfer matrix of v(x) (and n (x)) is the 2×2 matrix M satisfying
We can express it in terms of the left and right reflection amplitudes, R l and R r , and the transmission amplitude T of v(x) according to [1] :
Recall that the asymptotic scattering solutions of the above Schrödinger and Helmholtz equations have the form
and the reflection and transmission coefficients are given by |R l/r | 2 and |T | 2 . We can use (1), (2) and (3) to derive the following transformation rules for R l/r and T under the space reflection (parity), x P → −x, space translations, x Ta −→ x−a, and the time-reversal transformation, ψ(x)
where
We respectively refer to these conditions as "left-reflectionlessness" and "right-reflectionlessness." Clearly the condition for bidirectional reflectionlessness is R l = R r = 0. If a potential that is unidirectionally reflectionless at a wavenumber k 0 has a unit transmission amplitude, i.e., T = 1, at this wavenumber, we call it "unidirectionally invisible" [5] . Similarly, we use "left-invisible", "right-invisible", and "bidirectionally invisible" to mean that a potential is respectively leftreflectionless, right-reflectionless, and bidirectionally reflectionless and in addition satisfies T = 1 at k = k 0 .
In this article we use the properties of the transfer matrix to address the problem of constructing scattering potentials with specific scattering properties at a given real and positive wavenumber. For future reference we use the term "local inverse scattering" to refer to this problem. We also make use of the notion of the support of a potential v(x) which is the smallest closed interval I outside which v(x) vanishes. For a pair of potentials, v 1 (x) and v 2 (x), with support I 1 and I 2 , we use the notation "I 1 ≺ I 2 " to means that I 1 lies to the left of I 2 , i.e., for all x 1 ∈ I 1 and x 2 ∈ I 2 , we have x 1 ≤ x 2 . Suppose that I 1 ≺ I 2 and v(x) = v 1 (x) + v 2 (x). Then we can use (2) to relate M to the transfer matrices M i of v i (x) according to M = M 2 M 1 . This, so-called composition property, makes the transfer matrix an extremely useful tool in dealing with a variety of physics and engineering problems [13] .
If v(x) is a finite-range potential, I = [a, b], and we can write v(x) = g(x)θ(x − a)θ(b − x), where g(x) gives the value of the potential for x ∈ [a, b], and θ(x) is the Heaviside step function; θ(x) := 0 for x < 0, and θ(x) := 1 for x ≥ 0.
We begin our analysis by considering the local inverse scattering problem for potentials with finite reflection and transmission amplitudes, R l/r and T , at the prescribed wavenumber k 0 . Suppose that we can construct finite-range potentials v ± (x) and v 0 (x) with support I ± and I 0 and transfer matrices M ± and M 0 , such that I − ≺ I 0 ≺ I + and
for k = k 0 . Then the transfer matrix of the potential
is given by
paring this relation with (3), we see that R l , R r , and T are respectively the left reflection, right reflection, and transmission amplitudes of v(x) at the wavenumber k 0 . This reduces the local inverse scattering problem for potentials with finite reflection and transmission amplitudes to the construction of the bidirectionally reflectionless potential v 0 (x) and the unidirectionally invisible potentials v ± (x).
Next, we show that v 0 (x) can be constructed out of four unidirectionally invisible potentials.
Let R be an arbitrary nonzero complex number, and for each j ∈ {1, 2, 3, 4}, v j (x) be a finite-range unidirectionally invisible potential with support I j and reflection amplitudes R l/r j at wavenumber k 0 such that
Then v 1 (x) and v 3 (x) are right-invisible while v 2 (x) and v 4 (x) are left-invisible, and the transfer matrix M j of v j (x) at k 0 has the form
It is an easy exercise to show that for k = k 0 the transfer matrix of the potential
i.e., we can construct a bidirectionally reflectionless potential by assembling four unidirectionally invisible potentials. Next, we examine the problem of constructing a scattering potential whose reflection and transmission amplitudes diverge at a prescribed real and positive wavenumber k 0 .
Let w ± (x) be a pair of scattering potentials with support J ± such that for the wavenumber k 0 , w ± (x) has the same transfer matrix as v ± (x), but J + ≺ J − . Then, in view of (7), the transfer matrix of the potential
at k 0 is given by
. Comparing this relation with (3), we see that the transmission amplitude of w(x) diverges whenever
If this condition holds, the reflection amplitudes of w(x) also diverge for k = k 0 , k 2 0 is a spectral singularity [1] of the potential w(x), and w(x)
* displays CPA at k 0 , [12] . The arguments we have so far presented show that we can realize any kind of scattering effect at a given wavenumber using certain finite-range potentials that are the sum of up to six unidirectionally invisible potentials. This solves the local inverse scattering problem for general potentials provided that we can construct the constituent unidirectionally invisible potentials, namely v ± (x), v j (x), and w ± (x). In the following we achieve this by introducing a particular family of finite-range unidirectionally invisible potentials.
First, we examine the case of right-invisible potentials, i.e., for a given nonzero complex number R, we construct a scattering potential whose right reflection, left reflection, and transmission amplitudes at a prescribed wavenumber k 0 are respectively given by R r = 0, R l = R, and T = 1.
Consider the finite-range potentials of the form,
where α and n take real and positive integer values, respectively, and L n := πn/k 0 . As we show in the appendix, v α,n (x) is right-invisible at k = k 0 , and for α > −1/4 its left reflection amplitude at k 0 has the form
Because |α| and n can respectively take arbitrarily small and large positive values, we can always choose them such that 8πnα/(α + 1) 3 = |R|. Let ϕ ∈ [0, 2π) denote the phase angle of R, so that R = |R|e iϕ . Then (5) implies that for every integer m, the translation x → x+d with
maps v α,n (x) to the potential,
that is right-invisible at k = k 0 , and its left reflection amplitude at this wavenumber coincides with R. This completes the solution of the local inverse scattering problem for right-invisible potentials. Because every left-invisible potential can be written as the complex-conjugate of a right-invisible potential (see (6) * to obtain an explicit realization of the potentials v ± (x), v j (x), and w ± (x) that appear in (9), (12) , and (13) . This completes our solution of the local inverse scattering problem for general scattering potentials.
As a concrete example, let us identify the potential w + (x) with v α,n (x+L n ) * , where v α,n (x) is given by (15), α > −1/4, and n is a positive integer. Then the support of w + (x) is [−L n , 0]. According to (5) , w + (x) has the same transmission amplitude as v α,n (x) * , and that its left (respectively right) reflection amplitude differs from that of v α,n (x) * by a phase factor e −2ikLn (respectively e 2ikLn ). But because kL n is an integer multiple of π, e ±2ikLn = 1. This together with (6) and (17) implies that, at k = k 0 , T = 1, R l = 0, and
Next, we identify w − (x) with v β,m (x) where β > −1/4 and m is a positive integer. Then w − (x) is a potential with support [0, L m ] that is right-invisible at k = k 0 , and in light of (17) its left reflection amplitude at this wavenumber is given by
Substituting this relation and (20) in (14) gives
It turns out that for each nonzero α greater than −1/4 and positive integers m and n, this equation can be solved to find values for β that is greater than −1/4. In particular, for situations where |α| ≪ 1, there is a single value of β satisfying |β| ≪ 1. For this value of β, the above construction works and the potential (13) has a spectral singularity at the wavenumber k 0 . In view of (15) and (16) the refractive index n (x) associated with this potential satisfies
(23) An optical system given by the complex-conjugate of this refractive index profile displays CPA at k = k 0 .
For example, let us take α = −10 −4 and m = n = 300. Then (22) gives β = 1.759 × 10 −4 . These numerical values are consistent with the fact that in typical optical applications | n α,n − 1| and | n β,m − 1| are at most of the order of 10 −3 . Fig. 1 shows the plots of real and imaginary parts of n (x) − 1 for these choices of α and β, and |k 0 x| ≤ π. If we take k 0 = 2π (µm)
Therefore, this setup corresponds to an infinite planar slab of inhomogeneous optically active material of thickness 300 µm. Substituting these numerical values for α, β, m, and n in (20) and (21), we find R l = 0.754i and R r = −1.323i. These match the numerical calculation of these quantities. Fig. 2 shows the logarithmic plots of the reflection and transmission coefficients for this model. The extremely sharp peak at k = k 0 is a clear evidence of the presence of a spectral singularity.
The ability to use finite-range unidirectionally invisible potentials to realize arbitrary scattering effects provides a powerful method for designing optical potentials. For example, consider the construction of the bidirectionally reflectionless potential v 0 (x) in terms of the unidirection- and β = 1.759×10 −4 . The sharp peak at k = k0 is an obvious signature of a spectral singularity.
ally invisible potentials v j (x). Suppose that we take
where ǫ is a positive real number and θ ∈ [0, 2π). Then the potential (12) is a bidirectionally reflectionless potential with transmission amplitude T = ǫ 2 e iθ . We can use the potential (19) and its complex-conjugate to realize v j (x) for arbitrary values of ǫ. In particular, for ǫ < 1, v 0 (x) models a bidirectionally reflectionless absorber that operates at the wavenumber k 0 and induces a specific phase shift in the transmitted wave. Notice that for ǫ ≪ 1, |R
. Therefore, we obtain a quadratic absorption effect corresponding to |T | = ǫ 2 using unidirectionally invisible amplifiers, v 1 (x) and v 4 (x), and unidirectionally invisible absorbers, v 2 (x) and v 3 (x), whose strength is linear in ǫ.
Clearly, for ǫ = 1, the above system operators as a bidirectionally reflectionless phase shifter, and for ǫ > 1 it serves as a bidirectionally reflectionless transmission amplifier that produces a specific phase shift. We can also construct unidirectionally reflectionless absorbers, amplifiers, and phase-shifters. This follows from the observation that we can construct unidirectionally reflectionless potentials by adding to v 0 (x) a finite-range unidirectionally invisible potential u(x) whose support J lies to the left or right of I 0 . Specifically, if u(x) is left-(respectively right-) invisible and I 0 ≺ J (respectively J ≺ I 0 ), v 0 (x) + u(x) is left-(respectively right-) reflectionless.
For example suppose that we wish use the above construction to obtain a bidirectionally reflectionless amplifier that doubles the intensity of the incident wave (12) and (26), and k0 = 2π/µm. The fact that all of these quantities vanish for k = k0 shows that this potential models a bidirectionally reflectionless amplifier that doubles the intensity of the incident wave upon transmission and induces a π/2-phase.
(|T | 2 = 2) and induces a π/2-phase shift at the wavelength 1 µm (k 0 = 2π/µm) upon transmission. This corresponds to setting ǫ = 2 1/4 and θ = π/2 in (24) and (25). A potential v 0 (x) that achieves this goal is given by (12) where
n = 300, so that L n = 150 µm, and In particular, the support
corresponds to a particular gain-loss profile that is confined in a planar slab of thickness 600.951µm. Figure 3 shows the plots of |R l |, |R r | and |T − √ 2i| for this system. The vanishing of all these quantities at k = k 0 is a graphical (numerical) confirmation of our analytical results.
In conclusion, we have revealed an intriguing property of unidirectionally invisible potentials, namely that using at most six such potentials we can realize any scattering effects at any wavenumber. This solution allows for designing a variety of optical potentials that can model threshold lasers, antilasers, and bidirectionally and unidirectionally reflectionless absorbers, amplifiers, and phase shifters. The main disadvantage of our construction is that it yields potentials that realize the desired scattering properties only at a single wavenumber. However, it also implies that these properties are essentially preserved in the spectral bands in which the constituting unidirectionally invisible retain their scattering features. This reduces the general inverse scattering problem for arbitrary real or complex scattering potentials to constructing broadband unidirectionally invisible potentials. The study of this kind of potentials can be conducted using the standard inverse scattering theory [14] which is typically difficult to apply, for it involves solving certain integral equations. In this context, it might be useful to note the possibility of constructing broadband unidirectionally reflectionless bilayer slabs that operate in spectral bands as wide as 100 nm [8] . Finally, we wish to note that our approach allows us to construct potentials that display a particular scattering effect at more than one wavenumber. This requires using constituent unidirectionally invisible potentials that have the appropriate properties at these wavenumbers. The problem of constructing finite-range potentials displaying perturbative unidirectional invisibility at finitely or infinitely many wavenumbers is treated in Ref. [9] .
